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I. INTRODUCTION 
It has been shown by Minkowski [I] that if a medium is moving with 
velocity v relative to the laboratory, then the apparent electromagnetic 
behavior is given by 
D+~vxH=~(E+vxB) 
B-;vxE=p(H-vxD) 
with the usual notation. 
U-1) 
(1.1) 
These are equivalent to the following equations of state 
where 
D = l *E, + r&k + uk x HI (1.2a) 
B=p*H,+pH,k-uk xE, (1.2b) 
u = v’E&)(n” - 1) (1 - /3%2)-r 
c* zzzz 4E 
CL * = w 
ep = l opon2 = n21c2 
q = (1 - f12) (1 - /3”n”)-’ 
p = v/c = (po’p v. 
The velocity of flow is in the a direction and the suffix 1 implies the compo- 
nent perpendicular to the direction of flow. n is the refractive index of the 
medium. If nfi = 1, special considerations apply. The propagation of waves 
along a waveguide with a medium flowing along it has been discussed to 
some extent by Agostinelli [2] but general solutions do not yet seem to have 
appeared. 
* Some of the results of this paper were communicated at the International Congress 
of Mathematics at Edinburgh in August 1958. 
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II. RESOLUTION INTOPARALLEL AND TRANSVERSE COMPONENTS 
Maxwell’s equations can be written as 
( VL+k$) x(H,+W,)+~+k~=JL+kJ, (2.14 
(vl+k$) x(E,+kE,)-2-kk=O. (2.lb) 
These may be split, using Eqs. (1.2), into the four following equations: 
k.(VLxH,)-c~==J, 
i3H 
(2.2a) 
k.(V,xE,)+p+=O (2.2b) 
aHI k x ($$ - u r) - k x (VIHs) - E* % = JL (2.3a) 
kx ax-z+-- 
( 
aEl aEL 
at ) - k x (V,E,) + /.L* at = 
aHI 0 . (2.3b) 
From Eqs. (2.3), E, and H, may be expressed as follows 
PEI = - (& - +V. +p*;k x (V,H,) +,*t$- (2.4a) 
PHI = (& - u +) V,H, - E* ; k x (V,E,) (2.4b) 
where 
p= &~~)2-~*E*~. 
( (2.5) 
Substituting Eqs. (2.4) in Eqs. (2.3) 
;(P+ql’;)H,=-yk+,x+) (2.6a) 
& (P + &)E, = - f PJz. (2.6b) 
If the currents are zero, both H, and E, satisfy a modified wave equation 
(4C + P)# = 0. (2.7) 
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From the form of Eqs. (2.4) to (2.6) it is natural to look for solutions such 
that either H, or E, or both vanish (TM, TE, or TEM type waves). The 
requisite boundary conditions have been given by Agostinelli [2], using the 
Lorentz transformation [4]. 
If the boundaries are perfectly conducting and independent of x, the 
boundary conditions are 
E, = 0 (2.8a) 
(2.8b) 
If there is no transverse variation the problem is that discussed by Lampa- 
riello [7]. 
III. TRANSVERSE ELECTROMAGNETIC WAVES 
In a current free system, it may be seen that a solution of (2.2a) and (2.4b) 
is 
EL = VL$ (3.la) 
where 
P* =o. (3Sb) 
Similarly, a solution of (2.2a) and 2.4b) is 
H, = v,x (3.2a) 
where 
Px = 0. (3.2b) 
The behavior of $ and x in the transverse direction may be deduced from 
Eqs. (2.3) which indicate that the transverse behavior of EL and K x H, is 
the same. Thus 
v,sl, = &, t) k x Pd 
whence 
I’;# = -4[V,. (k x VIx)] = 0 
where the exact form of A can be easily obtained. Clearly the same differential 
equation in the transverse coordinates is obeyed by x and the relation between 
them in their z and t behavior follows from Eqs, (2.3). 
The solution of Eqs. (3.lb) and (3.2b) is given from (2.5) by 
F+[t + (u + $94 + E[t + (Id - P>zl (3.3) 
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where p2 = CL*<* = q2n2/c2. Th ere are thus two possible velocities of pro- 
pagation, - (p + u)-r and (p - u)-l and any disturbance will propagate 
upstream with velocity V- = (p - u)-’ or downstream with velocity 
I’+ = (p + u)-“. It may easily be seen that 
I/_= 4 -+) 
n-B 
v =c(l+nS) 
+ 
n+B * 
If /3 = w/c is small, these yield the Fizeau formulas for the propagation of 
light upstream and downstream in a moving medium [3] 
v* = $ f 0 (1 - f) + 0(/P). 
It is easily understood that c/n, c/I < V+ < c. That is, V+ is always greater 
than both the phase velocity of light in the medium and the velocity of flow. 
If np < 1 it is possible to propagate an electromagnetic disturbance upstream 
with velocity V- < c/n. 
If, however, ng > 1, i.e., the velocity of the medium exceeds the phase 
velocity of light, then V- becomes negative and the field propagates down- 
stream with velocity 
Thus, if the moving medium’s velocity exceeds the phase velocity of light, it is 
impossible to propagate a field directly upstream, and propagation down- 
stream is, in a sense, in a doubly refracting medium with phase velocities V+ 
and V+. 
If nfi is unity, the phase velocity of light in the medium is equal to the 
velocity of flow and the upstream velocity of propagation is zero. This is 
equivalent to the field for any value of z bearing no relation to that at any 
other value of z. 
It may readily be verified if n = 1, that q = 1, u = 0, p2 = cP2 and 2.7 
reduces to 
( 
p +"-' a2 I a22 
- *=o. ~2 at2 1 
That is, the velocity of propagation is the same as that for ordinary propaga- 
tion in vacua. This is equivalent to the Michelson-Morley experiment [6] 
and the statement that it is impossible to distinguish motion of the aether. 
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IV. TRANSVEWE MAGNETIC FIELDS 
For a current free region, it may be seen that Eq. (2.2) and (2.3) are 
satisfied by 
EL = wed 
where 
HI = k x (VIL) 
P$=-(&u&)Ez 
pL=-E*aE’z 
at 
(P + qQE, = 0 
where E, = 0 on a boundary of the type discussed at the end of Section II. 
Obviously 4 and L satisfy the same boundary condition and all field compo- 
nents can be expressed in terms of E,. 
V. TRANSVERSE ELECTRIC FIELDS 
For a current free region, it may be seen that Eqs. (2.2) and (2.3) are 
satisfied by 
H,=Vd 
where 
El = k x (VLN) 
Px=-(&-u&)H, 
where aH,/ha = 0 on a boundary of a type discussed at the end of Section II. 
Obviously x and N will satisfy the same boundary conditions and all the field 
components may be expressed in terms of H,. 
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VI. SOLUTION OF THE MODIFIED WAVE EQUATION 
The solution of the differential equation 
when the z and t dependence is of the form exp [z(,t - UC)] has already 
been given by Agostinelli [2] and the solutions applied to a waveguide. He 
does not however discuss possible limits on CL Equation (6.1) may be solved 
by putting I+!I = RT where R is a function of z and t only and T varies only 
in the transverse direction. Equation (6.1), following the usual methods, 
splits up into 
(0; +y2)T=0 (6.2) 
(P - q'/")R = 0. (6.3) 
The case where y = 0 corresponds to TEM waves and has been discussed in 
Section III. 
The behavior of Eq. (6.2) is exactly the same as for ordinary propagation 
problems [6] and will not be considered further, save to remark that 7” > 0. 
If n/? < 1, Eq. (6.3) can be rewritten as 
[(&+$-$j(&-+--)-m2]R=0 (6.4) 
+ 
where 
m” = r”(l - 8”). 
1 - n2fi2 
If the field is proportional to exp [iw(t - x/V)] the velocity of propagation 
I’ is given from equation (6.4) by 
whence 
2 1 -=-- 
v v+ 
& f [ (& + +)” - 4g]1’2 . (6.5) 
The condition that waves propagate is given by the quantity in the curly 
bracket in Eq. (6.5) being positive. This is in fact equivalent to 
yvy 1 - B”n”) < n%Ja( 1 - $). (6.6) 
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Inspection of Eq. (6.5) h s ows that the two solutions for V, one positive, 
Vi, and the other negative, - Vl, obey 
v; > v,, VI. < v-. 
Now 
w2 --= 
v; v_l 
-++m2 (6.7) 
and so if 
m” > w2/( V+ V-) 
I.e., 
yV(1 - B”) > W”(?z” - 8”) 
Vl is negative and there are two downstream velocities. 
It is only the wave with velocity V; (the downstream wave) which has been 
considered by Agostinelli [2]. If, on the other hand, n/3 > 1 Eq. (6.3) can be 
rewritten as 
[(g++&)(~+~~)+P]R=O V-5.8) + 
where 
This time the quadratic equation for velocity is given by 
whence 
2 -=+-+&[(& 
v + 
-&)“+$I. (6.9) 
+ 
The quantity in curly brackets, is always positive and so there are no evane- 
scent waves. There are two solutions Vl, V+’ which tend respectively V+, V+ 
as n tends to zero. 
It follows without any difficulty from Eq. (6.8) that 
v; > v+. 
The second value V+’ may be positive or negative, the condition being given 
by the fact that the equation for (w/V) is a quadratic, and 
w” -= w’L 12 v+‘v+’ v - * 
5 
(6.10) 
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According to the magnitude of 1, V+’ is either positive or negative, ya has a 
certain critical value which follows from Eq. (6.10) to be defined by 
(1 - pyc2 = &yn2 - B”). 
This critical condition is formally the same as that associated with Eq. (6.7). 
In one case however /3 < l/n, in the other p > l/n. 
VII. PROPAGATION OF PLANE WAVE IN ARBITRARY DIRECTION 
Equation (6.1) may be rewritten as 
[(;+-&j (&j&j ++?]s=o (7.1) 
+ + 
where 
c*2 - l - s” $* 
n2 - p” 
If /In exceeds unity V- is replaced by - I’+. 
If it is required to consider an arbitary plane wave, it is possible to consider, 
by a rotation of axes, a variation involving x, z, and t only. Let 
I/J = qbo exp {i[wt - k(x sin a + z cos a]} 
i.e., a wave propagating at an angle 01 to the downstream direction. 
The relation between k and 01 is given by 
k2 ( C*2 co9 01 + - 1 1 uJ2 __--- v- v+ sin2 a. 1 + wk cos a v- ( I,+ 1 - - = 0. (7.2) v-v+ 
This can also be regarded as a quadratic in cos 01 in terms of k. 
cos2 ak2 1 - 
( 
&) + wk cos a (-&- - +-) + “*T-v co2 = 0. (7.3) 
+ + + 
Equation (7.2) has two roots for k. Clearly if 01 is zero, these roots reduce to 
w/V+ and w/V-. 
k is always real, because 
( 
1 I OJ~COS~O~ v_-v, ) 
4w” 
+ v._v+ 
( 
CS2 
cos2a+-sin20r 
v-v, 1 
is intrinsically positive, 
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The signs of the two values of K will be different, that is, there will be an 
upstream and a downstream propagation provided that 
co2 
I( 
C*2 
v-v+ 
___ sin2 
cos2 OL + v-v, 
(Y 
1 
is positive. This is equivalent to 
V-V+ cos2 a + c*2 sin” 01 > 0. (7.4) 
This is always the case if /3n is less than unity. If however fin exceeds unity, 
V- becomes - V+ and the condition becomes 
tan2 01 > v+v+ n”p - 1 -
c*2 1 - B” 
= tan2 ol,, say 
Thus if 0 < 01 < %, both values of k are positive, independently of frequency 
and it therefore follows that propagation upstream of a plane wave making 
an angle less than a,, with the flow is impossible. Thus, corresponding to the 
idea of the Mach Cone in supersonic aerodynamic processes, there exists 
upstream from any disturbance a cone of no field, whose semivertical angle 
is aO. This property is also brought out in the Green’s Function of Eq. 
(7.1) p31. - 
VIII. MEDIUM MOVING WITH CRITICAL VELOCITY 
The case of V2p = 1 has so far 
this is the case, Eqs. (1 .I) become 
been excluded from consideration. If 
D-(-$‘2kxB=cE--AkxH 
c” dj.lE 
B+(F)1’2kxD=pH+lAkxE. 
c2 v& 
(8.la) 
(8.lb) 
The left-hand sides of the two equations (8.1) are proportional, and so 
it is not possible to derive B, and D, directly. If Z = (p/u)l12, Eqs. (8.1) are 
equivalent to 
E,=-ZkxH, (8.2) 
B,+ZkxIL=(p+&&. 
B, and D, are given by Eqs. (1.2). B, and D, can now be obtained from the 
transverse resolutes of Eqs. (2.1), namely, 
kx(+- V,E, 
1 
=I = -at (8.4a) 
420 
and 
CHAMBERS 
kx az- ( 
aHI v,H,) = % 
the medium being assumed current free. 
Substituting Eq. (7.2) into Eq. (2.2b) it follows that 
- aH 71 aH v,.H,=$+=--. 
c at 
(8.4b) 
(8.5) 
Also, eliminating B, and D, between Eqs. (8.3) and (8.4) 
( 1 aH1 cL+x at= ) k x (VLEJ - 2Zz + ZV,H,. (8.6) 
Equations (8.5) and (8.6) together with Eq. (2.2a) determine the field. 
Equation (8.6) may be rewritten as 
( fs+i a &+z-- at ) HI. = &k x (VLEJ + + V,H,. 03.7) 
Eliminating H, between Eqs. (8.5) and (8.7) it follows that 
( -f$H,=O. v3.8) 
A similar differential equation may be obtained for E,. 
This in fact is the form taken by Eq. (2.7) in the limiting case np = 1. 
Putting 
c+ + r”# = 0 
Eq. (8.8) becomes 
( t+ 
n2 + 1 a a+ -+t+y2&4=0. 2nc 
If y = 0, this may be written as 
(8.9) 
and this is the downstream velocity for the corresponding problem with 
np < 1. 
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The other possible solution is one for which # is independent of t. In 
effect the second velocity of propagation has become zero. 
Putting the field in the form exp [L(t - x/V)] in Eq. (9.8), it follows that 
whence 
Therefore 
1 1 I Y”C . -=- 
V V+ 2nw2 
v< v+. 
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